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SOKE ASPECTS OF FLOW THROUGH ROTATING CIRCULAR TUBES*
D. L. Boyer 
J . R. Gu»la
U n iversity  o f  Delaware 
Newark, Delaware
ABSTRACT
The flow  o f  water in a c ir c u la r  tube r o ta t in g  about an a x is  perpend i­
cu la r  to  the a x is  o f  the tube is  s tu d ied . In form ation  about the flow  is  
obtained  from co a te d  h o t - f i lm  probes and a constant temperature anemometer.
A maximum R eyn old 's  number o f 9 ,500 is  ob ta in ed  and the T a y lor  number is  
varied  from 800 t o  3 ,100 . L i t t le  s im i la r it y  is  found to  e x is t  between flow s 
in  ro ta t in g  and in  n on -rota tin g  systems in  th is  range o f  param eters.
INTRODUCTION
Many f lu id  system s in volve  flow  through ro ta t in g  passages. While 
an exten sive  amount o f  l it e r a tu r e  is  a v a ila b le  concern in g the flo w  through 
s ta tion a ry  c o n d u its , r e la t iv e ly  l i t t l e  work has been conducted f o r  the 
r o ta t in g  case. T h is  paper presen ts some measurements o f  v e l o c i t y  p r o f i l e s  
and turbulence in te n s ity  d is t r ib u t io n s  o f  the flow  o f  a homogeneous incom­
p r e s s ib le  f lu id  through smooth ro ta t in g  c ir c u la r  tubes; the a x is  o f  r o ta t io n  
is  p erpen d icu lar to  the tube a x is  (F igure 1 ) .  Measurements are made w ith 
quartz coated h o t - f i lm  probes.
t
Figure 1. Physical system - arrow to  show flow .
It  is  w e ll  known that the c h a ra c te r is e  les  o f  flow  through a 
sta tion a ry  tube ( e .g .  v e lo c ity  p r o f i l e ,  head lo s s )  depend on a s in g le  para­
m eter, the Reynolds number; Re •  W0D/(, . where WQ is  the average v e lo c it y ,  D 
the tube diam eter and * the kinem atic v la c o s it y .  I f  the tube la  r o ta t in g , 
an a d d it ion a l param eter, say the T a y lor  number, T - 2 - D , i s  a ls o  im portant; 
here a is  the angular v e lo c ity .
Unlike th e  governing equations o f  m otion fo r  laminar flow  in  a 
sta tion a ry  tu b e , the equations in  r o ta t in g  tubes are n o n -lin e a r  and in t r a c t ­
a b le . One is  thus led  to  approxim ation s. Barua^ and Benton^ s im p li f ie d  
the equations by assuming the r o ta t io n  parameter to  be sm all. T h eir  s o lu tion s  
are pertu rb a tion s  on the H a g en -P o la e llle  p a ra b o lic  p r o f i l e .  The q u a lita t iv e
•Supported by the National S cien ce  Foundation Brant CR-943 and P ro ject Themis.
a sp e cts  o f  the r e s u lt in g  secon dary  flow  in  a c r o s s - s e c t  ion  o f  the tube are 
sk etch ed  in F igure 2a. Here v is co u s  e f f e c t s  are important throughout the 
tube c r o s s - s e c t io n .
Figure 2a. Secondary flow  - sm all r o ta t io n
4 s
Figure 2b. Secondary flow  - la rge  ro ta t io n
In another th e o r e t ic a l  in v e s t ig a tio n  Benton and Boyer^ s im p lifie d  
the equations by assuming la rg e  ro ta tion  ra te s . This approxim ation y ie ld s  a 
boundary la yer  type flow  in which v iscou s e f f e c t s  are important on ly  in  th in  
reg ion s  along the tube p er ip h ery . A q u a li t a t iv e  sketch  o f  the secondary 
flo w  fo r  th is  case is  shown in  Figure 2b. B a s ica lly  the flew co n a is ts  o f  
a sm all cross-ch a n n el d r i f t  superimposed on a la rg e  a x ia l  transport a lon g  
w ith  a stron g  return flow  in  the boundary la y e rs .
The mathematical r e s t r i c t io n s  o f  these s tu d ie s  a lon g  with the para­
m eter ranges to  be co n s id ered  in th is  in v e s t ig a t io n  are shown in Table 1.
Table 1
Barua, Benton T «  l Re < Re c r i t i c a l
Benton and Boyar T »  l I t  4C I
Present Experiments BOO < T < 2700 1500 < Ra <  9500
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As one n otes  n e ith er  o f  the t h e o r e t lc s l  r e s t r i c t io n s  sre  s a t i s f i e d  by the 
range o f  param eters o f  the experim ents. ' Even though th is  Is  tru e , I t  w il l  
be noted below  that the q u a li t a t iv e  a sp ects  o f  the flow  in  the experim ents 
a re  s im ila r  to  the B cnton-B oyer a n a ly s is .
A
On the experim ental s id e ,  T re fe th en  made a s e r ie s  o f  head lo s s  
measurements fo r  f lo w  through r o ta t in g  c ir c u la r  tu b es . He found that r o ­
ta t io n  tends to  d e la y  t r a n s i t io n ;  i . e .  la r g e r  Reynolds numbers are requ ired  
fo r  t r a n s i t io n  to  occu r  as the T a y lo r  number Is In creased . In o th er e x p e r i ­
ments w ith  a p h y s ica lly  s im ila r  system  H il l  and Moon6 , Moon, 6 Moore7 , and 
H alleen  and Johnston® s tu d ied  tu rbu len t flow s through ro ta t in g  r e c t ­
angu lar channels (F igure  3 ) .  These in v e s t ig a tio n s  were conducted fo r  a range 
o f  param eters in which the flow  was f u l ly  tu rb u len t. A ll  o f  the in v e s t ig a to r s  
found th at the tu rbu len ce  le v e l  in  the boundary la y e r  on the "h igh  pressure 
w a ll"  ( c a l l e d  the lea d in g  edge in  the term in ology  o f  turbom achinery) is  in ­
creased  w h ile  that on the "low  p ressu re  w a ll"  ( t r a i l in g  edge) i s  decreased  
as the T a y lor  number is  in crea sed .
L Y ~ ---------------------  ' /
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Figure 3. Rectangular geometry.
Moore a ls o  found tha: r o ta t io n  e f f e c t s  become more Important as the a spect 
r a t io ,  L/D, is  decreased . T h is  ob serva tion  su ggests  that the secondary 
flow  in flu e n ce s  the tu rbu len ce  pbenimeaaa in  an Important way s in ce  it  
can re a d ily  be shown that secondary flow  v e lo c i t i e s  in crea se  w ith  de­
c re a s in g  aspect r a t io .  B efore d is cu ss in g  the present experim ents, a few 
remarks concern in g some o f the th e o r e t ic a l  a sp ects  o f  the m otion fo r  the 
range o f  parameters o f  the experim ents w il l  be made.
THE GOVERNING EQUATIONS
The steady s ta te  equations o f  m otion fo r  a homogeneous incom­
p r e s s ib le  f lu id  r e la t iv e  to  a set o f  c a r te s ia n  coord in ates  ( x ,y ,x )  
r o ta t in g  at a constant angular v e lo c it y  r e la t iv e  to  an in e r t ia l  frame are
_ mm, -— 2"“
( v V )v  = - ! t  • > . « * ♦ . » *  ( 2 . 1 )
where 4 1/2 - 2b* a p/', ♦ o. Here v (u ,v ,w ) la  the Eulerlan v e lo c i t y ,  b
the d istan ce  from the axis o f  r o ta t io n ,  p the d en sity  and « the g ra v ita t io n a l 
p o te n t ia l .  The equation  fo r  con serv a tion  o f  mass is
T v -  0 (2 .2 )
As in d ica te d  in  F igure 1, ch oose  the y  and x axes t o  be p a r a l le l  
t o  the a x is  o f  r o ta t io n  and pipe ax is ,r e s p e c t iv e ly .  Further, assume that 
a l l  o f  th e  dependent v a r ia b le s  w ith  the ex cep tion  o f  4 are Independent o f  
x . This Im plies  that * i s  l in ea r  in  x; l . e .  4 = - Ox where a Is a con ­
s ta n t . Now In trodu ce  the fo llo w in g  d im ension less q u a n t it ie s :
(** ,y * > £ *> = (*/D> y/°> * / D)
(u * ,v * ,v * )  = (u/w0 , v/w0, w/W0) ;  4* = t/2^WQD
Equations (2 .1 )  and (2 .2 )  thus become
ReT_1  (v -V )v  = -  T4 -  J x v + T  1 T2v
(2 .3 )
and V-v = 0
r e s p e c t iv e ly ,  where the Reynolds number, Re, and the Taylor number, T. have 
been d e fin e d  p re v io u s ly  and where, fo r  con ven ien ce , the a s te r is k s  have been 
dropped from the d im en sion less q u a n t it ie s .
S in ce  the flow  t o  be d iscu ssed  is  turbu lent fo r  c e r ta in  ranges o f  
the d im en sion lesss  q u a n t it ie s , r e la t io n s  (2 .3 )  are recast in  Reynolds form.
Let u = H + u ' ,  v = v +  v ' ,  w = w + w ' and J = J’ + t '  where the barred 
q u a n t it ie s  represen t tem poral averages and where the primed terms are 
the f lu c tu a t in g  p a rts . A lso  d e f in e  a s trea m -fu n ction  fo r  the mean flow  by
i u = - y  and V = i! y x
j S u b s titu tin g  the above r e la t io n s  in to  (2 .3 )  and e lim in a tin g  the v a r ia t io n  
| o f  4 in  the ( x ,y )  p lane, one ob ta in s  the z-component v o r t i c i t y  equation
2 r 2 2 2 ____ 1
ReT*1  ^ w + T 1 V4V + ReT 1 (r—j  - -r) u 'v '  +  e - v -  ( u ,Z - v ' - )  ( 2 .» )
o ( x ,y )  y [  -?yz -* *  Hxoy j
| and the z - component momentum equation
I ReT*1 ? = q  .  \ -  t '^V^w +  ReT' 1 e -  f u 'w ' + 4-  v 'w 'l  ( 2 . 3)1 3 ( x ,y )  o ry j x  L .y  J
j
! where a  is  a new constant and where u 'v 1, u 'w ',  v 'w ',  u ' -  and v ' “ a rt  • o
, Reynolds s t r e s s e s .  As i s  c h a r a c te r is t ic  o f  turbulent flow  problems the 
i Reynolds s t r e s s e s  are not known a p r io r i  and thus (2.-2) and (2 .5 )  are not a 
I c lo s e d  system o f  equations fo r  v and w. Note that the system is  c lo s e d  wnen 
J the flow  is  laminar.
SOKE SCALING ARGUMENTS
As In d ica ted  p re v io u s ly , both the Reynolds and T a ylor  numbers art 
large  and o f  the same order o f  magnitude for the en tire  range ot experim ents, 
j Under these c o n d it io n s  the n o n -lin ea r  in e r t ia l  terms arc important in the 
| e n t ire  flow  f i e l d .  T h is preclu des ob ta in in g  a c lo se d  form s o lu t io n  even fo r  
, the laminar flow  problem .
A number o f  q u a lita t iv e  fea tu res  o f  the m otion can be p red icted  however 
w ithout attem pting a com plete s o lu t io n .  Consider f i r s t  the laminar ca se ; 
i . e .  take the Reynolds s t r e ss e s  to  be id e n t ic a l ly  ze ro . Assume that Re 
and T are both  large and o f  the same order o f  magnitude. Further assume that 
the orders o f  magnitude o f  ff and p  In the tube in te r io r  ( l . e .  away from the 
w a lls )  are
l a  1 A
Q - ( i )  and V ~ (£ )
r e s p e c t iv e ly ,  where the order o f  B Is  d ic ta te d  by the method o f  nondlm enslon- 
a l lz a t lo n  and where presumably 9 > 0 . Now assuming increm ents in  tha dependent 
v a r ia b le s  In the I n te r io r  are o f  the same order as the v a r ia b le s  them selves, 
one ob ta in s  from (2 .4 )  that w  ^ * 0 and thus that O « f ( x ) .  That i s ,  In the 
in t e r io r  the a x ia l v e lo c it y  la  not a fu n ction  o f  the v e r t ic a l  co o rd in a te .
Now w - f ( x )  cannot s a t i s f y  the n o - s l ip  co n d it io n  on the tube w a lls  snd one 
Is thus led  t o  a boundary la y er  type a n a ly s is .
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By perform ing an ord in ary  boundary layer s c a l in g  a lon g  the w a ll ,  the 
fo llo w in g  are obta ined
i  1_
6 ~ T~2 v  ~ T '2
where 6 is  the boundary layer th ick n e ss . The re s u lt in g  boundary layer 
equations are
. - 12ReT 3 ( 9 . 0
1 3(V.w) 
- ' ( 9 ,0
- s in  ^  + * ?55?
s in  +  w ^
(3 .1 )
(3 .2 )
resp ect ive ly , where r i s  a stre tch ed  coord in a te  d efin ed  by
1 i
'  - (J - r) T2 (3 .3 )
and where ( r , 9 )  are p o la r  co o rd in a te s . I t  should be poin ted  out that th is  
s c a l in g  is  in v a l id  in the v i c in i t y  o f  0 - 0 ,r..
In summary the above s c a l in g  arguments suggest that the flow  f ie ld  should 
have the fo llo w in g  ch aracter  f o r  the range o f  parameters con s id ered  in the 
experim ents:
( i )  the a x ia l v e lo c ity  in  the in t e r io r  i s  independent o f  the v e r t ic a l  
co o rd in a te .
( i i )  the d r i f t  v e lo c ity  in  the in t e r io r  is  0 (1 ^ ) .
_ 1_
( i i i )  the w all boundary la y er  th ick n ess  is  0 (T 2 ) .
( i v )  the return flow  in the boundary la yers  is  o f  order u n ity ; i . e .  the
same order o f  magnitude as the in t e r io r  a x ia l v e lo c i t y .  ( Ih is  resu lt  
is  obtained by c on s id er in g  the order o f  magnitude o f  the normal der­
iv a t iv e  o f  the stream fu n ctio n  in the boundary la y e r ) .
In essence th en , the flow  c h a r a c t e r is t i c s  are the same as in  the Benton -  Boyer 
a n a ly s is . The actual s tru ctu re  o f  cou rse  is  d i f fe r e n t  s in ce  the in e r t ia l  terms 
are now im portant.
Using s c a l in g  arguments fo r  the turbu lent flow  ca s e , one determ ines that
__1
the R eyn old 's  s tr e sse s  are o f  0(T 2 ) .  This s c a l in g  seems reasonable i f  one 
con s id ers  Che orders o f  magnitude o f  the T a y lor  numbers o f  the present 
experim ents and those o f  the Reynolds s t r e ss e s  obta ined  in  a n on -ro ta tin g  
9
p ipe  by L aufer . The q u a lita t iv e  flow  fea tu res  are the same as in the 
laminar ca se .
EXPERIMENTAL APPARATUS
The experim ental apparatus is  sketched in  Figure 4 . A tube with 
a l - in c h  in s id e  diam eter and 60 inches long is  mounted in a 5 x 5 x 72-lnch  
rectan gu lar temperature bath. A ll c o n s tru c tio n  is  o f  p le x ig la s s .  The 
e n t ir e  system  is f i l l e d  with d i s t i l l e d  water which en ters  at in le t  A and 
then is  f i l t e r e d  by a fine  sponge at B. It then flow s through the tube 
past the probe at C and is removed from the tem perature bath at ou tle t E. 
The f lu id  i s  returned to the in le t  by a subm ersible c e n t r ifu g a l  pump at F; 
the pump i s  immersed in an ice -w a ter  tank. This r e c ir c u la t io n  system in ­
su res  that the temperature o f  the tube w a lls  and w orking f lu id  remain the 
same during the t e s t in g . About one hour o f  "warm-up" time is  needed fo r  a 
steady  temperature t o  be reached; f lu c tu a t io n s  o f le s s  than +0.5°C  are
h | v l*  a. L ip «r l* * * (a l apparatus.
n oted . Volume flow  ra te s  are measured by an o r i f i c e  at C.
Q uartz-coated  h o t-w ire  probes are used fo r  v e lo c it y  measurements.
They are p laced  50 in ch es from the entrance s e c t io n .  The probe p o s it io n  is  
changed by a lev er  system  which can be ad ju sted  e a s i ly  by a n o n -ro ta t in g  
ob serv er . The h o t-w ire  equipment is  p laced on the tu rn tab le  w h ile  the o u t ­
put is  transm itted  from the ta b le  through a s e r ie s  o f  platinum s l i p  r in g s .
The rms noise  le v e ls  w ith  or without r o ta t io n  are 4 .0  + 1.0 mv, r e s p e c t iv e ly .
The tem perature bath is  mounted on bearings at H and thus can be 
ro ta ted  and clamped at any d es ired  angular p o s i t io n .  Thus a o n e -d e g r e e -o f-  
freedom probe tra v erse  can "c o v e r "  the en tire  tube c r o s s - s e c t io n .
A few remarks con cern in g  in le t  lengths seem in  order. As In d ica ted  
above measurements are made at 50 diam eters from the tube entrance . The 
q u estion  then a r is e s  as to  whether a fu lly  developed  flow  is  obta ined  in  
th is  d is ta n ce . One f i r s t  notes that the mechanism fo r  flow  estab lishm ent 
in  r o ta t in g  and s ta t io n a ry  tubes may be e n t ir e ly  d i f f e r e n t .  In the s ta t io n a ry  
case  flow  develops by a ra d ia l d i f fu s io n  o f  v o r t i c i t y .  For r o ta t in g  tu bes on
the o th er hand, flow  establishm ent may be in flu e n ce d  by a sp in -u p  mechanism
10s im ila r  to  that d iscu ssed  by Greenspan One r e c a l l s  that because o f  the 
secondary flow  a l l  f lu i d  p a r t ic le s  passing through the tube co n t in u a lly  enter 
the w all boundary la y ers  where v is co u s  e f f e c t s  are very stron g  and hence where 
sp in -u p  o ccu rs . I t  seems p la u s ib le  then to  h yp oth esize  an estab lishm ent length , 
L, as the d is ta n ce  requ ired  so that every f lu id  p a r t ic le  has entered the wall 
boundary la y ers  at le a s t  on ce , i . e .
I_
L __ a x ia l v e lo c ity ______ ,^2
D secondary v e lo c it y
Thus fo r  the T a ylor  number range o f  the experim ents 30 < L/D < 50.
Experiments u t i l i z i n g  tra ce r  in je c t i o n  suggest that these p re d ic t io n s  are 
reasonable and thus that the flow  is  e s ta b lish ed  f o r  the e n t ir e  range o f  
experim ents.
EXPERIMENTAL RESULTS
The in v e s t ig a t io n s  which have been com pleted to  date have been addressed 
to  measurement o f  the in te r io r  flow  c h a r a c t e r is t i c s ;  i . e .  the flow  ou ts id e  
the wall boundary la y ers . Measurements have been taken by v e r t ic a l  (y  - a x is ) 
and h or izon ta l (x  - a x is )  h ot-w ire  tra verses  fo r  various Reynolds and Taylor 
numbers. F igures 5 and 6 are v e lo c it y  p r o f i l e s  fo r  a laminar and a f u l l y  dev­
e lop ed  turbu lent r u n ,r e s p e c t lv e ly . As shown in  5a and 6a th ere  is  a large 
a x ia l  tran sport a lon g  the leading edge or high pressure s id e  o f  the tube. 
A ssoc ia ted  w ith t h is  assym etric transport are la rge  shear s t re ss e s  on the 
lead in g  edge. These observation s  are rem iniscent o f  some o f  the r e s u lts  ob­
ta in ed  in s tu d ie s  reported  in re fe ren ces  5 ,6 ,7 ,  and 8 . The v e r t ic a l  traverses  
5b and 6b exem plify  the weak dependence o f  the mean v e lo c it y  on the v e r t ic a l  
co o rd in a te .
Figures 7a and 7b are h or izon ta l and v e r t ic a l  turbulence in te n s ity  pro­
f i l e s .  These r e s u lts  in d ica te  the importance o f  r o ta tio n  on s t a b i l i z in g  the 
in t e r io r  flow ; i . e .  the turbu lence in te n s ity  is  decreased at a l l  in te r io r  
p o in ts  fo r  in crea sed  r o ta t io n  r a te s . This e f f e c t  is  emphasized by Figure 8 -  
in  which the c e n te r lin e  turbu lence  in te n s ity  vs T aylor number is  p lo t te d  fo r  
various Reynolds numbers.
It should be added that many o f  tne In te r e s tin g  aspects  o f  r o ta t in g  tube 
flow  occur in  the w all boundary la y e rs . For example, present experim ents 
in d ica te  that p o r tio n s  o f  these layers  are tu rbu len t fo r  Reynolds n w b ers  
sm aller than the c r i t i c a l  value fo r  t r a n s it io n  in  sta tion a ry  tubes. These 
o b se rv a t io n s , however, are not c o n c lu s iv e  and work is  con tin u in g .
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Re -  1500 Re -  7170I
w . ----------  o  1100
F igu re  5a. H orizon ta l mean v e lo c it y  p r o f i l e s  -  laminar flow .
Re -  1500 ^
------------  O 1100
------------ •  1970
U)
F igure 5b. V e r t ic a l  mean v e l o c i t y  p r o f i l e s  -  laminar flow .
Re -  7170
T
.............  O 1100
-----------  •  1970
Figure 6a. H orizon ta l mean v e l o c i t y  p r o f i l e s  - turbu lent flow .
-------  O 1 1 0 °











F igu re  7b. V e r t ic a l  turbu lence In te n s ity  p r o f i l e s .
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Figure 8. C en ter lin e  turbu lence in te n s ity  map.
SYMBOLS
E nglish  L etters
b -  d istan ce  from the axis o f  r o ta t io n
D - diameter o f  the tube
A
J -  a unit v ec to r  in the d ir e c t io n  o f  the angular v e lo c it y
vector
L/D - ( s e c t io n  1) aspect r a t io  o f  a tube o f  recta n gu lar c r o s s -
s e c t io n ; ( s e c t io n  4) d im en sion less establishm ent length
p - pressure
r - p o la r  coord in a te  in the plane o f  the c r o s s - s e c t io n  o f
the tube In ra d ia l d ir e c t io n
VDRe - Reynolds number (Re * — )
^ 'c r i t i c a l  * t r a n s it io n  Reynolds number
T - T aylor number (T * —
V (u ,v ,w ) - Eulerlan v e l o c i t y  in co o rd in a te  d ir e c t io n s  (x , y , z )
Wo - the average v e lo c it y
x -  Cartesian co o rd in a te  in c re a s in g  in  the d ir e c t io n  perpend­
icu la r  to  both  the y and z a x is  and d e fin ed  by the r ig h t  
hand screw ru le
y - Cartesian co o rd in a te  In crea s in g  in  the d ir e c t io n  o f  the
angular v e lo c i t y  vecto r
z C artesian coord in a te  In crea s in g  in  the d ir e c t io n  o f  flow
through the tube
Greek L etters
a  - a constant
i
l a  -  s constantt o
3 - a constant
6 - boundary la y e r  th ick n ess
1 1 / 2£ - a s tre tch e d  co o rd in a te  (£ = (—  -  r)T  )
0 - p o la r  co o rd in a te  in  the plane o f  the
c r o s s - s e c t io n  o f  the tube (9 = tan _1 ( ^ ) )
v - kinem atic v i s c o s i t y
P - d en s ity
* - t  = -L 2b2 +  -  +  »
2 P
* - g r a v ita t io n a l p o te n t ia l
$  -  d im en sion less stream fu n ction
w - angu lar v e lo c i t y  v e c to r  ( w = J)
“> - u = | a |
Symbols
(------- ) -  tim e average
* - f lu c tu a t in g  component
* - d im en sion less qu a n tity  ( la t e r  * is
om itted  fo r  con ven ien ce)
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